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Abstract
Data obtained in 3D direct numerical simulations of statistically planar, 1D weakly turbulent flames
characterized by different density ratios σ are analyzed in order to study the influence of thermal
expansion on flame surface area and turbulent burning rate. Obtained results show that, on the one
hand, pressure gradient induced within the flame brush due to heat release in flamelets significantly
accelerates unburned gas that deeply intrudes into combustion products in a form of an unburned
mixture finger, thus, causing large-scale oscillations of the turbulent burning rate and flame brush
thickness. Under conditions of the present simulations, contribution of this mechanism to creation
of flame surface area is substantial and is increased by the density ratio, thus, implying an increase
in the burning rate by σ. On the other hand, the total flame surface areas simulated at σ = 7.53
and 2.5 are approximately equal to one another. Apparent inconsistency between these results implies
existence of another thermal expansion effect that reduces the influence of the density ratio on the
flame surface area and burning rate. Investigation of the issue shows that the axial flow acceleration
by the combustion-induced pressure gradient not only straightforwardly creates flame surface area by
pushing a finger tip into products, but also mitigates wrinkling of the flame surface (the side surface
of the finger) by turbulent eddies. The latter effect is attributed to a high-speed (at σ = 7.53) axial
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flow (a jet) of unburned gas, which is induced by the axial pressure gradient within the flame brush
(and the finger). This axial flow acceleration reduces a residence time of a turbulent eddy in an
unburned zone of the flame brush (e.g. within the finger). Therefore, the capability of the eddy for
wrinkling the flamelet surface (e.g. the side finger surface) is weakened due to a shorter residence time.
Keywords: premixed turbulent flame, density ratio, Darrieus-Landau mechanism, DNS, modeling
1. Introduction
In spite of avalanche of papers aiming at understanding fundamentals of premixed turbulent com-
bustion, influence of a ratio σ = ρu/ρb of the densities of unburned and burned mixtures on turbulent
flame speed St is still a controversial issue. On the one hand, neither approximations of the most
extensive experimental databases [1, 2, 3, 4, 5] nor a few target-directed experimental studies [6, 7]
(i.e. studies in that σ was substantially changed by retaining approximately the same laminar flame
speed SL) indicate a significant effect of σ on St. On the other hand, starting from the seminal work
by Karlovitz et al. [8] and Scurlock and Grover [9] who put forward a concept of flame-generated
turbulence, a number of models that allowed for a substantial effect of σ on St were developed, as
reviewed elsewhere [10, 11]. In particular, eventual influence of the hydrodynamic instability of thin
inherently laminar flame fronts, which was independently predicted by Darrieus [12] and Landau [13],
on premixed turbulent burning was addressed in a number of theoretical [14, 15, 16, 17, 18, 19, 20],
numerical [21, 22, 23, 24, 25, 26, 27], and experimental studies [28, 29, 30, 31], as well as in review
papers [10, 11, 32] and books [33, 34, 35]. While the opposite standpoints regarding a role played by
the Darrieus-Landau (DL) instability in moderately or highly turbulent flames can be found in the
literature, this phenomenon is commonly considered to increase burning rate at least in weakly tur-
bulent flames where the rms turbulent velocity u′ is on the order of or less than SL. The major goal
of the present work is to discuss Direct Numerical Simulation (DNS) data that imply that a physical
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mechanism that causes the DL instability (i.e. the influence of combustion-induced pressure gradient
on the unburned gas flow) not only straightforwardly increases St, but also can act in the opposite
direction by mitigating turbulent wrinkling of the instantaneous flame surface at u′/SL = O(1).
Because the latter phenomenon was found in attempts to explain an apparent inconsistency between
DNS results, a large part of the present paper will be devoted to showing this apparent inconsistency
and considering various effects that might be relevant to explaining it. In the next section, the attributes
of the DNS database are summarized. The apparent inconsistency between numerical results, various
relevant effects, and, in particular, mitigation of turbulent wrinkling of the instantaneous flame surface
due to acceleration of the unburned gas flow by the combustion-induced pressure gradient are discussed
in the third section followed by conclusions.
2. DNS Database
Because DNSs addressed here were discussed in detail elsewhere [36, 37] and the computed data
were used in several papers [38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48, 49, 50], we will restrict ourselves
to a brief summary of these compressible simulations.
The DNSs dealt with statistically planar, 1D, adiabatic flames modeled by unsteady 3D continuity,
Navier-Stokes, and energy equations, as well as a transport equation for the mass fraction Y of a deficient
reactant and the ideal gas state equation. The Lewis and Prandtl numbers were equal to 1.0 and 0.7,
respectively. Combustion chemistry was reduced to a single reaction. Temperature-dependence of
molecular transport coefficients was taken into account, e.g. ν = νu(T/Tu)
0.7, where ν is the kinematic
viscosity of the mixture, T is the temperature, and subscript u designates unburned gas.
The computational domain was a rectangular box Λx×Λy×Λz, with Λx = 8 mm, Λy = Λz = 4 mm,
and was resolved using a uniform mesh of 512×128×128 points. Homogeneous isotropic turbulence
(u′ = 0.53 m/s, integral length scale L = 3.5 mm, Kolmogorov length scale η = 0.14 mm, and
the turbulent Reynolds number Ret = u
′L/νu = 96 [36, 37]) was generated in a separate box and
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Table 1: Flame characteristics
Case H Case L
σ = ρu/ρb 7.53 2.5
SL, m/s 0.600 0.416
δL, mm 0.217 0.158
U(t2 ≤ t), m/s 1.15 0.79
was injected into the computational domain through the left boundary x = 0. In the computational
domain, the turbulence decayed along the direction x of the mean flow. The flow was periodic in y and
z directions.
At t = 0, a planar laminar flame was embedded into statistically the same turbulence assigned for
the velocity field in the entire computational domain. Subsequently, the inflow velocity was increased
twice, i.e. U(0 ≤ t < t1) = SL < U(t1 ≤ t < t2) < U(t2 ≤ t), in order to keep the flame in the
computational domain till the end t3 of simulations.
Three cases H, M, and L characterized by High, Medium, and Low, respectively, density ratios
σ = ρu/ρb were studied [36, 37]. Here, we restrict ourselves to cases H and L associated with the
highest and lowest σ, respectively. It is worth stressing that even case L is far from a particular case
of σ = 1 (a constant density).
Characteristics of flames H and L are listed in Table 1, where δL = (Tb − Tu)/max |dT/dx| is
the laminar flame thickness and subscript b designates burned gas. The laminar flame speeds or
thicknesses are different in these cases, because the same molecular diffusivity Du of the deficient
reactant in unburned mixture and the same expression for the mass reaction rate Wc(Y, T ) were used
independently of the density ratio.
Results reported later were obtained for t2 ≤ t ≤ t3, with the instants t2 or t3 being different in
cases H and L. Because the mean inlet velocity was constant at t ≥ t2, see U(t2 ≤ t) in Table 1, no
external acceleration affected results obtained in the laboratory coordinate framework.
When processing the DNS data, we evaluated both time-dependent mean quantities, which were
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averaged over transverse yz-planes at various instants, and mean quantities, which were averaged not
only over transverse yz-planes, but also over time interval on the order of 10 ms (about 200 snapshots).
In the rest of the present paper, the fully mean and time-dependent average values of a quantity q will
be designated using overbars and angular brackets, respectively, i.e. q¯(x) and 〈q〉(x, t), respectively.
Moreover, we determined joint Probability Density Functions (PDFs) P (q, c, x) for various flame char-
acteristics q(x, t), the combustion progress variable c(x, t) = [T (x, t) − Tu]/(Tb − Tu), which was also
equal to 1 − Y (x, t)/Yu under conditions of the present study (Le = 1), and the axial coordinate x.
When determining such PDFs, an interval of 0 ≤ c ≤ 1 was divided in 100 sub-intervals. Subsequently,
these PDFs and dependencies q¯(x) were transformed to P (q, c, c¯) and q¯(c¯), respectively, using profiles
of c¯(x), computed by processing the same DNS data.
Quantities q¯u(c¯) conditioned to unburned gas and conditioned joint PDFs Pu(q, c¯) were computed by
averaging over both transverse planes and time and considering only points x such that c(x, t) < ε 1.
Results reported in the following were obtained for ε = 0.005 if the opposite is not specified, with weak
sensitivity of the conditioned data to variations in ε from 0.001 to 0.1 being checked. Conditioned
quantities 〈q|ξ〉 were evaluated for ξ − 0.005 < c(x, t) ≤ ξ + 0.005 and were averaged over both
transverse planes and time. Henceforth, such a conditioned quantity is designated with 〈q|c〉. In
particular, 〈q|c = 0.85〉 is the value of q conditioned to the reaction zone, where Wc(c) is close to its
peak value Wc,max.
3. Results and Discussion
The structure of this section is as follows. In Sect. 3.1, we briefly remind certain results reported
by us earlier [47] and supplement them with new figures. Such a reminder is required in order to show
an effect (Sect. 3.2) to be explained in Sects. 3.3-3.6. Relevant issues are discussed in Sects. 3.7 and
3.8.
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Figure 1: Iso-lines c(x, yft, z, t) = 0.1 and Wc(x, yft, z, t) = Wc,m computed (a) in case H at t = 18.6 and 18.8 ms or (b) in case L
at t = 26.6 ms.
3.1. Fingering instability driven by combustion-induced pressure gradient
By analyzing the DNS data by Nishiki et al. [36, 37], we recently studied the so-called Unburned
Mixture Fingers (UMFs), see Fig. 1, that deeply intrude into combustion products, thus, increasing
instantaneous total flame surface area 〈A〉(t), turbulent burning velocity 〈Ut〉(t), and mean flame brush
thickness. Here, both (H and L) flames propagate from right to left, the coordinates yft(t) and zft(t)
of the finger tip are the y and z coordinates, respectively, of a point xft(t) = x[yft(t), zft(t), t] that
is most close to the right boundary among all points associated with a local peak Wc,m of the mass
reaction rate Wc vs. x,
Figure 2a shows large-scale oscillations of 〈Ut〉(t)/SL and 〈A〉(t), see solid and dotted lines, respec-
tively, and Fig. 2b shows large-scale oscillations of a mean flame brush thickness 〈δt,1〉(t) or 〈δt,2〉(t),
see solid and dashed lines, respectively. As discussed in detail elsewhere [47] these oscillations are
controlled by growth and disappearance of UMFs. Here,
〈Ut〉(t) =
∫ Λx
0
∫ Λy
0
∫ Λz
0
Wc(x, t)dxdydz
ρuΛyΛz
, (1)
〈A〉(t) =
∫ Λx
0
∫ Λy
0
∫ Λz
0
|∇c|(x, t)dxdydz
ΛyΛz
, (2)
〈δt,1〉(t) = 1
max{∂〈c〉/∂x} , (3)
and 〈δt,2〉(t) is equal to a distance between surfaces x = x1(t) and x = x2(t) associated with 〈c〉(x1, t) =
6
Figure 2: Oscillations of (a) 〈Ut〉/SL (solid lines) and 〈A〉 (dotted lines) and (b) mean flame brush thicknesses, obtained in cases H
(red lines, 9.3 < t < 20.7 ms) and L (blue lines, 20.6 < t < 31 ms).
0.01 and 〈c〉(x2, t) = 0.99, respectively. It is worth noting that oscillations of 〈Ut〉(t) with a significantly
higher (when compared to Fig. 2a) relative amplitude were obtained in recent DNS by Poludnenko
[51].
Local structures that look similar to two UMFs shown in Fig. 1 can be identified in numerous
experimental (e.g. see Fig. 2 [52], Fig. 1 [53], Figs. 9 and 10 [54], Fig. 10 [55], Fig. 4 [56], Figs. 3, 7,
and 12 [57], Fig. 4d [58], Fig. 4 [59], Figs. 2 and 4 [60], Figs. 4a and 10 [61], Figs. 6 and 16 [62], Fig.
4 [63], Figs. 6, 8-10 [64]) and numerical (e.g. Fig. 1 [26], see Fig. 4 [65], Fig. 3 [66], Fig. 10 [67], Fig.
5 [68], Fig. 8 [69], Fig. 4d [70], Fig. 4a [71]) images.
Physical mechanisms that control the growth of UMFs were explored in recent DNS studies [47,
51]. In particular, by analyzing the present DNS data, we have shown that the simulated finger
growth is controlled by significant acceleration of unburned gas by normal (to the mean flame brush)
pressure gradient induced due to combustion in surrounding flamelets1 [47]. Such a flow acceleration
is clearly seen in Fig. 3, which reports the axial profiles of the instantaneous axial flow velocity
u[x, yft(tm), zft(tm), tm], computed along the axis {y = yft(tm), z = zft(tm)} of an UMF in case H
at three instants t = tm. Besides a sharp increase in u(x) downstream of point A, B, or C, which is
controlled by the local density decrease at the finger tip, the axial velocity grows even in the unburned
1As discussed in detail elsewhere [46], the present DNSs address the flamelet regime of premixed turbulent combustion.
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Figure 3: Growth of the axial flow velocity along the axis {y = yft(tm), z = zft(tm)} of an UMF in case H at various instants
t = tm specified in legends. Vertical dashed lines show x associated with the peak reaction rate along the finger axis at the instants
tm.
gas, i.e. upstream of point A, B, or C, with the peak values of the axial unburned gas velocity (see
points A-C) being higher by a factor of about four2 than the inlet velocity (and an order of magnitude
higher than the inlet u′).
Such a strong acceleration of the constant-density flow of unburned gas cannot be driven by weak
turbulence. In order to reveal a physical mechanism that controls such a strong increase in the axial
velocity of the unburned gas, we computed terms Tn(x, t) in the following balance equation for the
axial momentum
∂u
∂t
+u
∂u
∂x︸ ︷︷ ︸
T1
+v
∂u
∂y
+ w
∂u
∂z︸ ︷︷ ︸
T2
= −1
ρ
∂p
∂x︸ ︷︷ ︸
T3
+
1
ρ
∂τxl
∂xl︸ ︷︷ ︸
T4
, (4)
conditioned to c(x, t) < 0.005. Here,
τij = ρν
(
∂ui
∂xj
+
∂uj
∂xi
− 2
3
δij
∂ul
∂xl
)
(5)
is the viscous stress tensor, δij is the Kronecker delta, and the summation convention applies for the
repeated index l. Obtained results, which are discussed in detail elsewhere [47], show that the axial
reactant acceleration is controlled by term T3, with this pressure-gradient term dominating in the
2It is worth noting that, under conditions of the present study, the axial acceleration of lighter combustion products is
even stronger and results in u¯b(x) > u¯u(x) and the countergradient transport of c, as discussed in detail elsewhere [37, 45].
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Figure 4: Relative flame surface area A¯(c¯)/A¯(1) (lines) and values cβ (symbols) of the lowest c¯ such that the probability Pu(ψ ≥
β, c¯) ≥ 0.5. Values of β are shown near symbols.
significant part of the mean flame brush in case H.
For instance, in order to reveal an important role played by the pressure-driven acceleration of
the unburned gas, we compared local magnitudes |T1| and |T3| of the axial-acceleration and pressure-
gradient terms, respectively, with the local magnitudes |T2| and |T4| of two other terms. In particular,
we evaluated an instantaneous ratio ψ(x, t) of min{|T1|, |T3|} to max{|T2|, |T4|}. A large value of
ψ(x, t) indicates that the local magnitudes of both terms T1 and T3 are large when compared to the
local magnitudes of terms T2 and T4, i.e. the axial flow acceleration is controlled by the axial pressure
gradient, whereas the local contribution of turbulence (terms T2 and T4) to the acceleration is weak.
Accordingly, selection of regions characterized by a large ψ(x, t) allows us to find regions where the
axial flow is driven by the axial pressure gradient. For instance, abscissa coordinates of symbols plotted
in Fig. 4 are equal to values cβ of the lowest mean c¯ such that probability Pu(ψ ≥ β, c¯) =
∫∞
β P (ψ, c <
0.005, c¯)dψ of finding large ψ(x, t) > β, conditioned to unburned gas (c < 0.005), is 50 % or more, with
this probability being larger than 50 % if c¯ > cβ. Thus, if β is large, then, the pressure-driven axial
acceleration dominates at c¯ > cβ, i.e. to the right of symbols in Fig. 4.
In order to assess contributions of such regions to creation of flame surface area, we also evaluated
the following integral
A¯(x) =
∫ t3
t2
∫ x
0
∫ Λy
0
∫ Λz
0
|∇c|(x, t)
(t3 − t2)ΛyΛz dtdxdydz (6)
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which characterizes the mean flame surface area available upstream of a plane x=const. Subsequently,
the obtained dependencies A¯(x) were converted to A¯(c¯) and a ratio of A¯(c¯∗)/A¯(1) was used to assess
contribution of a region of c¯ ≤ c¯∗ to production of the total flame surface area. Results are shown
in lines in Fig. 4. It is worth stressing that these results are time-averaged, i.e. they are averaged
not only over time intervals associated with appearance of elongated UMFs, e.g. see local peaks of
〈δt,2〉(t)-curves in Fig. 2b, but also over time intervals during that UMFs vanished.
Circles on the solid line (σ = 7.53, case H) indicate a significant contribution to the total flame
surface area from zones where turbulence (terms T2 and T4) plays a minor role in Eq. (4) conditioned
to unburned gas when compared to the axial pressure gradient. Indeed, within a zone of c¯ ≥ c10 ≈ 0.67
(the right red circle), (i) about 50 % of the total flame surface area is found and (ii) the local magnitudes
of the axial convection and pressure gradient terms T1 and T3, respectively, are larger than the local
magnitudes of the transverse convection and viscous terms T2 and T4, respectively, by a factor of 10 or
more with probability of 50 % or higher.
Thus, Fig. 1a and red circles and solid line in Fig. 4 imply that the axial acceleration of the unburned
gas by the combustion-induced axial pressure gradient contributes significantly to production of flame
surface area. In the following, this physical mechanism will be called DL mechanism, because generally
the same physical mechanism causes the DL instability of laminar premixed flames, i.e. both phenomena
are driven by pressure perturbations in unburned gas due to thermal expansion. Nevertheless, it is
worth stressing that there are no cogent reasons to reduce the growth of an UMF to development of
the DL instability. In other words, both phenomena (the DL instability and UMFs) appear to be two
manifestations of the same governing mechanism. Because the former manifestation of this mechanism
was predicted by Darrieus [12] and Landau [13], we use a term “DL mechanism” in the present paper,
but the term is solely used in this sense.
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Figure 5: Axial pressure gradient ρ−1u (∂p/∂x)u averaged in unburned gas over transverse planes and time vs. the Reynolds-
averaged combustion progress variable c¯.
3.2. Issue to be addressed
Because phenomena discussed in the previous subsection are driven by the combustion-induced
axial pressure gradient in unburned gas and the magnitude of this pressure gradient is decreased when
the density ratio is decreased, see Fig. 5, we could expect that these phenomena are significantly less
pronounced in case L when compared to case H. Indeed, certain aforementioned effects are mitigated
by a decrease in σ. For instance, (i) H-finger is longer than L-finger, cf. Figs. 1a and 1b, and (ii) the
peak thickness 〈δt,2〉(t) is larger in case H when compared to case L, cf. red and blue dashed lines in
Fig. 2b.
For the goals of the present work, the following difference between cases H and L is of paramount
importance. The left circle on a solid line in Fig. 4 shows that, if β = 2 in case H, then, cβ ≈ 0.22
and more than 86 % of the total flame surface area is localized to a region where the probability
Pu(ψ ≥ 2) ≥ 0.5. To the contrary, in case L, c2 ≈ 0.65 is significantly larger and only about 40 % of
the total flame surface area is localized to a region associated with Pu(ψ ≥ 2) ≥ 0.5. Furthermore, if
σ = 2.5 and β = 4, then, only 10 % of the total flame surface area are associated with c¯ > c4 ≈ 0.92, see
the right triangle on the dashed line, whereas about 70 % of the total flame surface area are associated
with c¯ > c4 in case H.
These results indicate that the contribution of the DL mechanism to production of flame surface
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area is substantially stronger in case H when compared to case L, thus, implying that the time-averaged
ratio of U t/SL should be significantly larger in the former case. However, red and blue lines in Fig. 2a
show that both mean and peak values of both 〈A〉(t) and 〈Ut〉(t)/SL are comparable in cases H and L.
Moreover, U t/SL extracted from the DNS data are almost equal, i.e. 1.88 and 1.77 in cases H and L,
respectively.
Thus, at first glance, Figs. 2 and 4 appear to be inconsistent with one another, because the former
(latter) figure implies that the density ratio weakly (strongly) affects the total flame surface area.
The rest of the paper aims at clarifying this apparent paradox and revealing a physical mechanism
that counterbalances a stronger (in case H) increase in the total flame surface area due to the DL
mechanism, as indicated in Fig. 4.
To do so, in the next subsections, we (i) step-by-step consider differences between cases H and L
that might be of importance in order to explain the discussed paradox, (ii) reject differences that do
not explain it (Sects. 3.3-3.5), and (iii) highlight a physical mechanism that appears to explain the
paradox (Sect. 3.6). Finally, we discuss some relevant issues in Sects. 3.7 and 3.8. It is worth stressing
that solely physical mechanisms that could stronger contribute to production of flame surface area in
case L when compared to case H are addressed in the rest of the present section, because solely such
mechanisms appear to be relevant to explaining the paradox referred to.
3.3. Turbulence in unburned gas
Flames H and L are characterized not only by significantly different density ratios, but also by
different SL. As a result, the two flames experience different turbulence. Indeed, the rates of the
turbulence decay in the axial direction are different due to the difference in the mean inlet axial
velocities U(t > t2), see Table 1, which are set approximately equal to U t in order to keep the flame
brush within the computational domain in each case. Due to a higher SL in case H when compared
to L, in the former case, U t and, hence, U(t > t2) are larger and the turbulence decay in the axial
direction is less pronounced due to a shorter residence time required for a fluid particle to move from
12
Figure 6: Turbulent kinetic energy u′ku
′
k/2 and magnitude (ωkωk)
1/2 of vorticity vector ~ω = ∇×u, averaged over transverse
planes and time in unburned gas, vs. the Reynolds-averaged combustion progress variable c¯.
the left boundary to the flame brush. For instance, the rms turbulent velocity averaged over plane
c¯ = 0.01 is equal to 0.36 or 0.29 m/s in case H or L, respectively.
Figure 6 shows that conditioned turbulent kinetic energy and magnitude of vorticity vector, which
characterize large and small-scale eddies, respectively, are higher in case H than in case L. Thus, flame
H experiences a more intense incoming turbulence and, under such a low ratio of u′/SL, a more intense
turbulence is commonly associated with a larger flame surface area. Therefore, the difference in the
characteristics of the incoming turbulence experienced by flame H or L does not seem to explain why
the values of U t/SL obtained in the two cases are close to one another in spite of significantly stronger
contribution of the DL mechanism to the production of the flame surface area in case H, indicated in
Fig. 4.
It is worth noting that, while u′ is higher at the leading edge of the mean flame brush in case H
when compared to case L, a ratio of this u′ to SL shows the opposite trend. It is equal to 0.6 or 0.7 in
case H or L, respectively, because SL is higher in the former case. Eventual relevance of the difference
in values of SL to explaining the paradox in question is addressed in Sect. 3.5.
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3.4. Turbulence within flamelets
Because both dilatation and an increase in the local viscosity within flamelets are more pronounced
in case H characterized by a significantly larger σ than case L, one may assume that, even if flame
H experiences a more intense turbulence in the incoming unburned gas, the thin reaction zone is
affected by a weaker turbulence due to a stronger dilatation and a more rapid viscous dissipation of
the turbulence within flamelets in case H when compared to L. Accordingly, one may further assume
that, in the former case, the reaction zone is less wrinkled and stretched and this effect reduces the
flamelet surface area in case H when compared to L, thus, counterbalancing the opposite action of
the DL mechanism, shown in Fig. 4. However, such assumptions do not hold under conditions of the
present DNS.
Indeed, first, it is worth remembering, that an increase in the temperature and a decrease in the
density within flamelets not only cause the local turbulence decay due to dilatation and enhanced viscous
dissipation, but also generate the local turbulence e.g. due to vorticity production by baroclinic torque.
For instance, under conditions of the present DNS, the vorticity production by baroclinic torque within
flamelets overwhelms the local vorticity decay due to dilatation (mainly) and viscous dissipation in
case H, but the net effect is opposite in case L, see Fig. 4 in [44]. As a result, vorticity magnitude
conditioned to the reaction zone, i.e. 0.7 < c(x, t) < 0.9, is significantly larger in case H than in case L
[44].
Second, Fig. 7 shows that the normalized local strain rate 〈τcat|c〉 conditioned to the instantaneous
combustion progress variable c is significantly higher at large values of the mean combustion progress
variable c¯ in case H, see red solid and dashed lines, when compared to case L, see blue dotted-dashed
lines. Moreover, the strain rate is not reduced within flamelets at the trailing zone of the mean flame
brush, see red solid and blue double-dotted-dashed lines, which show an increase in 〈at|c〉 by c at c¯ = 0.9
in both cases H and L, respectively. Here, large values of c¯ are addressed, because the axial pressure
gradient dominates in Eq. (4) in that flame region, at = ∇ · u − nn : ∇u is the local strain rate, u is
14
Figure 7: Normalized conditioned strain rate τc〈at|c〉 vs. c. The strain rate was computed for values of the Reynolds-
averaged combustion progress variable, specified near each curve. Red solid and dashed or blue dotted-dashed lines show
results obtained in case H or L, respectively.
velocity vector, n = −∇c/|∇c| is the unit vector locally normal to a flamelet, symbol 〈q|c〉 designates
a quantity q averaged at certain c(x, t) over transverse planes and time, i.e. 〈q|c〉 depends on x, but is
independent of t, contrary to unconditioned time-dependent mean quantities 〈q〉(x, t) discussed earlier,
and τc = Du/S
2
L is the chemical time scale. It is worth also noting that, due to a larger SL, the time
scale τc is lower by a factor of two in case H when compared to L, i.e. difference in dimensional 〈at|c〉
is even stronger than difference in the normalized 〈τcat|c〉, which is plotted in Fig. 7.
Thus, difference between turbulence characteristics conditioned to flamelets in cases H and L is not
associated with a larger 〈A〉(t) in the latter case and, therefore, cannot explain the discussed paradox.
3.5. Flamelet propagation
Due to difference in SL in cases H and L, self-propagation of flamelets in a turbulent flow can
differently affect flame surface area in the two cases. If the local flamelet curvature κm = ∇ · n/2 is
positive (i.e. the curvature center is in burned gas), then, an increase in SL results in increasing the
local stretch rate, thus, enhancing the local production of flame surface area. Such an effect makes
〈A〉(t) larger in case H when compared to L. Therefore, this effect cannot explain the paradox addressed
by us and will not be discussed in the following.
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If the local flamelet curvature is negative, then, an increase in SL results in decreasing the local
stretch rate, thus, impeding the local production of flame surface area. Moreover, an increase in SL
is associated with enhancement of annihilation of flame surface area due to collision of flamelets [72].
The two effects might reduce 〈A〉(t) stronger in case H when compared to L and, hence, appear to be
relevant to explaining the paradox.
Accordingly, these two effects are addressed in the present subsection, whose focus is placed on
large values of the mean3 combustion progress variable c¯ ≥ 0.5 for the following two reasons. First,
due to purely geometrical arguments, the probabilities of both (i) finding negatively curved flamelets
and (ii) flamelet collisions are increased by c¯. Consequently, the two effects should be more pronounced
at large c¯ and, therefore, the trailing part of the mean flame brush is of the most interest in order to
assess whether or not a decrease in SL can result in increasing 〈A〉(t). Second, as discussed earlier, the
axial pressure gradient dominates in Eq. (4) also at large c¯.
In order to assess whether or not the difference in SL in cases H and L can explain the paradox, we
evaluated various terms in the following well-known transport equation for the Flame Surface Density
(FSD) Σ ≡ |∇c| [72]
d
dx
uΣ = atΣ− d
dx
SdnxΣ + SdΣ∇ · n (7)
written in the statistically stationary, planar, 1D case addressed by us. Here, nx is the x-component of
the unit normal vector n and Sd = [∇ · (ρD∇c) +Wc]/(ρ|∇c|) is the local displacement speed. Under
conditions of the present DNS (weak turbulence), Sd is expected to scale as ρuSL/ρ to the leading
order within the largest part of the mean flame brush (with exception of its trailing edge, as discussed
in Sect. 3.7).
In order to be confident in the present DNS data, we evaluated each term in this transport equation
and checked that the obtained residuals were small in the entire flame brushes. These results are
3Results discussed in the previous sections were conditioned to the local combustion progress variable c, rather than
the mean c¯ ≥ 0.5.
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Figure 8: Terms T4 and T5 in Eq. (8), obtained in cases H (red solid and dashed lines) and L (blue dotted-dashed lines), vs. the
Reynolds-averaged combustion progress variable.
reported elsewhere [49]. Here, we restrict ourselves solely to results that are straightforwardly relevant
to the goals of the present work, i.e. explaining the paradox under discussion.
Accordingly, let us rewrite Eq. (7) as follows
dΣ
dx
= −Σ
u
du
dx︸ ︷︷ ︸
T1
−1
u
du′Σ′
dx︸ ︷︷ ︸
T2
+
atΣ
u︸ ︷︷ ︸
T3
−1
u
dSdnxΣ
dx︸ ︷︷ ︸
T4
+
SdΣ∇ · n
u︸ ︷︷ ︸
T5
(8)
and compare terms T4 or T5, which straightforwardly involve Sd and address flamelet collisions and
contribution of self-propagation of flamelets to the local stretch rate [72], in cases H and L.
Figure 8 shows that the magnitude of term T4 is low at large c¯, with similar results being obtained
in cases H and L. As far as term T5 is concerned, it reduces the mean FSD (contributes to a negative
dΣ/dx at large c¯) stronger in case L when compared to H. This difference between the two cases is
mainly associated with a significantly higher (lower) mean axial velocity u¯ in the denominator of term
T5 in case H (L). The observed difference in the behavior of term T4 or T5 in cases H and L at large c¯
is not associated with a larger 〈A〉(t) in the latter case and, hence, cannot counterbalance the stronger
contribution of the DL mechanism to creation of flame surface area at large c¯ in case H, see Fig. 4.
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Figure 9: Magnitude 〈(vt · vt)1/2|0.01 < c < 0.05〉 of the locally tangential (to flamelet) component vt = u − n(u · n) of velocity
vector u, averaged over the cold edge of flamelets, transverse planes, and time.
3.6. Locally tangential flow
Thus, the three previous attempts (Sects. 3.3-3.5) to explain the discussed paradox failed. A clue
to solving the problem is seen in Fig. 9, which shows that the magnitude vt of tangential (to flamelet)
component vt = u− n(u · n) of velocity vector u, conditioned to the flamelet leading edge (0.01 < c <
0.05), is significantly larger in case H than in case L. This difference is associated with strong axial
acceleration of unburned gas by the mean pressure gradient in case H.
Such a flow acceleration is clearly seen in Fig. 3. A high-speed jet of the unburned gas, indicated in
Fig. 3, pushes the local flamelet tip to the right, thus, creating an UMF, which is almost parallel to the
x-axis in case H, see Fig. 1a. Consequently, at c¯ close to unity, i.e. within UMFs, the mean tangential
velocity plotted in red solid line in Fig. 9 is close to the local axial velocities u(x, tm) measured near
the finger tip, see points A, B, and C in Fig. 3. Therefore, 〈vt|0.01 < c < 0.05〉 is large at large c¯ in
case H.
In case L, 〈vt|0.01 < c < 0.05〉 is significantly lower, because (i) the axial flow acceleration is
less pronounced due to a much less magnitude of the conditioned pressure gradient, see Fig. 5 and,
moreover, (ii) the finger axis is inclined to the x-axis, see Fig. 1b, thus, making 〈vt|0.01 < c < 0.05〉
lower than 〈u|0.01 < c < 0.05〉.
Thus, Figs. 3 and 9 show two effects associated with the axial acceleration of unburned gas due
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to the DL mechanism. On the one hand, near a finger tip, the axial flow velocity of unburned gas
is high (see points A, B, and C in Fig. 3) and locally normal to the finger surface, thus, pushing the
finger tip to the right and increasing the flamelet surface area. On the other hand, within a finger,
the axial flow velocity of unburned gas is also high (see Fig. 3), but it is locally tangential to the side
surface of the finger, thus, making 〈vt|0.01 < c < 0.05〉 large. Therefore, the local flow non-uniformities
(e.g. small-scale turbulent eddies within a finger or a part of a larger-scale eddy, see the bent shape
of a finger in Fig. 1b) could stretch and wrinkle the side surface of the finger during a short residence
time, which is required in order for a flow particle to be convected by the local pressure-driven jet from
the finger base to the finger tip. Accordingly, such a reduction of the residence time due to the DL
mechanism results in mitigating wrinkling of the flamelet surface by turbulent eddies.
In other words, the DL mechanism not only increases flame surface area by inflating an UMF, but
also promotes flattening the side surface of the finger by reducing the aforementioned residence time.
For instance, using instantaneous axial velocity profiles shown in Fig. 3, one can estimate that the
residence time of unburned gas in a finger of a length of 3 mm in case H (see Fig. 1a) is on the order
of 1 ms or less, i.e. significantly less than the time scale τt = L/u
′ = 7 ms of turbulence generated in a
box and injected through the inlet boundary.
In case L, the residence time is substantially longer, because 〈vt|0.01 < c < 0.05〉 is lower by a factor
of about four, whereas a decrease in the finger length is substantially less pronounced, i.e. is about 30
%, cf. Figs. 1a and 1b (this difference in the lengths of UMFs in cases H and L will be discussed in the
next subsection). Accordingly, even weaker turbulence experienced by flame L, see Fig. 6, can wrinkle
the finger surface by creating additional flame surface area. Such an effect is observed in Fig. 1b where
the L-UMF is bent.
Thus, mitigation of turbulent wrinkling of flamelet surface due to reduction of the residence time,
caused by the DL mechanism, seems to be relevant to explaining the apparent inconsistency between
Figs. 2 and 4. It is worth noting that mitigation of turbulent wrinkling of a flame surface by a tangential
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Figure 10: Probabilities (a) of a ratio κ1/κ2 of eigenvalues κ1 and κ2 (|κ1| ≤ |κ2|) of the curvature tensor ∂ni/∂xj and (b)
normalized absolute value |δLκm| of the mean curvature κm = ∇ · n/2, evaluated at three values of the mean combustion progress
variable c¯ specified in legends. The unit normal vector n = −∇c/|∇c| is conditioned to the local combustion progress variable
0.845 < c ≤ 0.855 associated with the reaction zone. Results obtained in cases H and L are shown in red and black lines, respectively.
stream (or by unsteadiness of the flow in the coordinate framework attached to the stream) was studied
[73, 74, 75, 76, 77, 78, 79], but in another context not related to the DL mechanism.
Results of the following two investigations appear to be relevant to further assessing the above
hypothesis. First, let us compare curvature statistics in cases H and L both at very large and moderately
large values of the mean combustion progress variable c¯. The idea of such a study is as follows. If c¯ is
very large, e.g. c¯ = 0.95, then, reaction zones can reach such a trailing part of the mean flame brush
only as elements of UMFs (either their tips or their side surfaces). Accordingly, if the finger surface is
smooth, probability of finding negative quasi-cylindrical curvatures should be high. On the contrary,
at moderately large values of c¯, e.g. c¯ = 0.75 or 0.50, reaction zones are not associated with UMFs and
curvature statistics should be different.
Indeed, Fig. 10a shows that, at c¯ = 0.95 (solid line) in case H, the cumulative probability P12 =∫ γ
−1 P12(ζ, 0.845 ≤ c < 0.855, c¯)dζ is low at γ < −0.35, but is rapidly increased by γ at low absolute
values of |γ|. Here, P12(ζ, 0.845 ≤ c < 0.855, c¯) is the PDF for a ratio ζ = κ1/κ2 of eigenvalues κ1
and κ2 (such that |κ1| ≤ |κ2|) of the curvature tensor ∂ni/∂xj , conditioned to the reaction zone, and
γ = κ1/κ2. Because κ1/κ2 = 0 in the case of the cylindrical curvature, the discussed curve does
indicate that the probability of finding quasi-cylindrical curvatures is high at c¯ = 0.95 in case H. On
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Figure 11: Probability density functions for the normalized mean curvature δLκm, obtained in cases H and L at (a) c¯ = 0.95 and
(b) c¯ = 0.75. Here, κm = ∇ · n/2, with the unit normal vector n = −∇c/|∇c| being conditioned to the local combustion progress
variable 0.845 < c ≤ 0.855 associated with the reaction zone.
the contrary, in case L, the slope of the counterpart P12(γ)-curve is significantly larger at γ → −1
and does not change much with increasing γ, thus, indicating that a probability of finding saddle-point
curvatures is substantial at c¯ = 0.95 in case L. This difference between the two cases implies that the
side surfaces of UMFs are more wrinkled (smooth) in case L (H). As far as moderately large values
of c¯ are concerned, see dashed and dotted-dashed lines, a qualitative difference between cases H and
L is hardly visible in Fig. 10a. Moreover, contrary to case H, three curves obtained in case L do not
indicate a substantial dependence of P12 on c¯ in a range of 0.5 ≤ c¯ ≤ 0.95.
Figure 10b shows that dependencies of the cumulative probability Pκ =
∫ |δLκm|
0 Pκ(ζ, 0.845 ≤ c <
0.855, c¯)dζ on the normalized absolute value of the mean curvature κm = ∇ · n/2 = (κ1 + κ2)/2 look
very similar in cases H and L both at c¯ = 0.50 and 0.75, but are substantially different at c¯ = 0.95.
This difference in curvature statistics is further shown in Fig. 11a, which indicates that the conditioned
PDF Pκ(δLκm, 0.845 ≤ c < 0.855, c¯ = 0.95) peaks at sufficiently large negative values of δLκm in case
H and low values of |δLκm| in case L. This difference between the two cases is also consistent with a
hypothesis that the side finger surfaces are more wrinkled (quasi cylindrical) in case L (H). On the
contrary, the PDFs Pκ(δLκm, 0.845 ≤ c < 0.855, c¯ = 0.75) look similar in cases H and L, see Fig. 11b,
and peak in the vicinity of κm = 0, in line with numerous earlier DNS data, e.g. see [80] and references
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Figure 12: Mean FSD computed in the DNS (symbols) and evaluated by integrating Eq. (8) either by extracting all terms on the
RHS from the DNS (dotted-dashed and solid lines) or by extracting all terms on the RHS from the DNS, but skipping term T3
(double-dashed-dotted and dashed lines).
therein.
Second, let us compare a role played by term T3 in Eq. (8) in cases H and L, because this term is
associated with an increase in FSD by turbulent straining. For this purpose, we computed the following
quantities. First, we extracted the mean FSD Σ = |∇c| straightforwardly from the DNS data. Results
obtained in cases H and L, are shown in larger and smaller symbols, respectively, in Fig. 12. These
dependencies of Σ on c¯ are basically similar in the two cases, in line with the fact that both 〈A〉(t) and
〈δt,1〉(t) oscillate in comparable ranges in cases H and L, see Fig. 2.
Second, we computed Σ(c¯) by numerically integrating Eq. (8), with all terms on the Right Hand
Side (RHS) being extracted from the DNS data. Results shown in red dotted-dashed and blue solid
lines in cases H and L, respectively, agree very well with Σ(c¯) extracted straightforwardly from the
same DNS data (symbols), thus, validating the integration method.
Third, we repeated the numerical integration of Eq. (8), but skipped term T3 on the RHS. Results
shown in red double-dashed-dotted and blue dashed lines4 in cases H and L, respectively, indicate that
the neglect of T3 changes the FSD stronger in case L when compared to H. Therefore, the strain term T3
4These lines do not go to zero at c¯→ 1, because they show results of integration of a wrong transport equation (term
T3 is skipped).
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plays a more important role in flame L, in line with the above hypothesis about mitigation of turbulent
wrinkling of flamelet surface by the DL mechanism in case H.
At first glance, this result might appear to be inconsistent with Figs. 6 and 7, which indicate that
the reaction zone is subject to more intense turbulence in case H when compared to case L. However,
it is worth remembering that (i) the derivative dΣ/dx is controlled by term atΣ divided by the mean
axial velocity u¯, see Eq. 8, and, (ii) due to a very large difference in the mean axial pressure gradients,
see Fig. 5, this velocity is significantly higher in case H, thus, making the magnitude of T3 lower. This
explanation again highlights the difference between axial flow accelerations in cases H and L and, thus,
is in line with our earlier arguments.
While, for clarity, the focus of the above discussion was placed on turbulence within an UMF, a
stronger axial acceleration of the unburned flow can also impede creating flame surface area in other
zones of the mean flame brush. For any finite value c∗, a travel time t∗, which is required for a turbulent
eddy to move from the leading edge of the mean flame brush to a plane of x = x∗ such that c¯(x∗) = c∗,
is shorter if the axial flow acceleration is stronger. Accordingly, one effect of an increase in the density
ratio consists of decreasing Σ(c∗) due to a decrease of time t∗ during that turbulent eddies can wrinkle
the flame front at c¯ < c∗.
Such an effect is clearly seen on the RHS of Eq. (8), where each term is divided by u¯, which is
increased by σ. Therefore, substitution of T3 = 0 into Eq. (8) reduces Σ stronger in case L when
compared to case H not only at large c¯, where the unburned gas may only appear within an UMF, but
also in the entire flame brush, cf. curves shown in red double-dashed-dotted and blue dashed lines in
Fig. 12. In other words, contribution of turbulent straining term atΣ/u¯ to production of flame surface
area is stronger (weaker) in case L (H) even in the middle of the flame brush.
Comparison of curves plotted in red double-dashed-dotted and blue dashed lines in Fig. 12 shows
also that the difference between the two curves is reduced when c¯ → 1, i.e., at c¯ ≈ 1, term T3 plays a
more important role in case H. This trend is associated with high strain rates created near finger tips
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in case H. Indeed, Fig. 7 indicates that, at c¯ = 0.9, 〈at|c = 0.85〉 is larger by a factor of about five in
case H when compared to case L (note that τc is larger by a factor of two in case L). Therefore, the
difference in the local 〈at|c = 0.85〉 at c¯ ≈ 1 is larger than the difference in the unburned gas velocities
uu upstream of a finger tip. Consequently, the magnitude of the residence-time effect is insufficient in
order to overwhelm the large difference in the local strain rates at c¯ ≈ 1.
3.7. Finger evolution
In the above discussion, the mitigation effect is attributed to reduction of the residence time of
unburned turbulent flow within the mean flame brush (e.g. within an UMF) due to the flow acceleration
by the axial pressure gradient. Accordingly, there is a question why the residence-time reduction due to
more pronounced axial flow acceleration in the case of a larger σ is not counterbalanced by an increase
in the UMF length. Indeed, as shown in Figs. 1a and 1b, the computed finger lengths are comparable
(30 % difference) in cases H and L in spite of the fact that the H-UMF is inflated by a much stronger
jet of unburned gas.
To answer the question, the normalized local displacement speed ρSd/(ρuSL) and the normalized
magnitude un = |ρu · n/(ρuSL)| of the locally normal gas velocity were computed at finger tips at
various instants. Typical results are reported in Fig. 13, which shows different phases of finger-tip
evolution. It is worth remembering that the coordinates xft of the finger tip are associated with the
reaction zone and, therefore, a low density. Accordingly, the velocity ρuun/ρ is higher than uu evaluated
at instants A, B, or C (see Fig. 3) in spite of the fact that the latter velocity is also locally normal to
the same flamelet element.
During the first (finger growth) relatively long phase, un > Sd, cf. circles and triangles at t
′ < −0.4
ms, and the finger is inflated by the unburned gas. During this phase, the local flamelet structure is
weakly perturbed, e.g. see iso-contour of c(x, yft, z, t) = 0.1, shown in dashed line in Fig. 1a at instant
t = 18.60 ms, which is labeled with A in Fig. 13a. Moreover, crosses in Fig. 13a indicate that the axial
distance between the H-finger tip and the nearest point characterized by c(x, yft, zft, t) ≤ 0.1 remains
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Figure 13: Normalized local displacement speed ρSd/(ρuSL) (circles) and magnitude un = |ρu · n/(ρuSL)| of the local normal
velocity (triangles), both evaluated at finger tip, as well as normalized axial distance ∆x/δL (crosses) between the finger tip and the
closest point characterized by c(x, yft, zft, t) ≤ 0.1. The distance is divided by a factor of four. Time is shifted, i.e. t′ = t−∆t, in
order for Sd to peak at t
′ = 0. Letters A, B, and C corresponds to instants A, B, and C, respectively, in Fig. 3.
low.
At the end of this phase (t′ ≈ −0.5 ms), the local displacement speed (circles) starts increasing so
that Sd = un at instant B in Fig. 13a. This increase in Sd(t
′) is controlled by two mechanisms. First,
the growth of the finger length is accompanied by a decrease in the transverse width of the finger and
an increase in the magnitude of the curvature of its tip, see crosses in Fig. 14 or cf. two Wc-iso-lines
shown in Fig. 1a in case H (these iso-lines are associated with instants A and B, respectively, in Fig.
13). The increase in the curvature magnitude (∇·n is negative at a finger tip) promotes increasing Sd.
Second, gas within the finger is preheated similarly to the well-known preheating of unburned
mixture near the tip of a laminar Bunsen flame [81] or near cusps in premixed turbulent flames [67].
For instance, crosses in Fig. 13a show that axial distance between the finger tip and the closest point
characterized by c ≤ 0.1 is large at −0.3 < t′ < 0.5 and, in particular, is significantly larger than the
counterpart distance in the unperturbed laminar flame, thus, indicating substantial thickening of the
preheat zone. The same thickening effect can be seen by comparing dotted-dashed lines (t = 18.8 ms)
in Fig. 1a.
Mechanisms that control the rapid growth of the local Sd at the finger tip are addressed in Fig. 14,
which shows the normalized curvature δL∇ ·n (crosses) and various terms in the well-known decompo-
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Figure 14: Evolution of various quantities evaluated at finger tip, with time being shifted, i.e. t′ = t − ∆t, in order for Sd to
peak at t′ = 0. Filled symbols show contributions to ρSd/(ρuSL) from reaction (circles), curvature (squares), and normal diffusion
(diamonds) terms. Triangles show 1/(δL|∇c|). Crosses show δL∇ · n.
sition [82] of the local displacement speed
Sd =
∇ · (ρD∇c) +Wc
ρ|∇c| = −D∇ · n︸ ︷︷ ︸
sc
+
n · ∇(ρDn · ∇c)
ρ|∇c|︸ ︷︷ ︸
sn
+
Wc
ρ|∇c|︸ ︷︷ ︸
sr
. (9)
Open triangles indicate that the term 1/(δL|∇c|) varies weakly during finger evolution. An increase in
the magnitude of the negative local curvature (crosses) around t′ = 0 is accompanied by an increase
in the magnitude of the positive curvature term sc (squares) and a decrease in the magnitude of the
negative normal diffusion term sn (diamonds). These two effects control the rapid increase in Sd around
t′ = 0, see circles in Fig. 13, but an increase in 1/(δL|∇c|) contributes also to an increase in the reaction
term sr (circles) in case L at t
′ = 0, see Fig. 14b. The facts that (i) the term 1/(δL|∇c|) varies weakly,
(ii) an increase in Sd starts substantially earlier than an increase in the distance ∆x in case H, cf.
circles and crosses in Fig. 13a, and (iii) an increase in Sd starts significantly later than an increase in
the distance ∆x in case L, cf. circles and crosses in Fig. 13b, imply that the increase in Sd around
t′ = 0 is mainly controlled by the curvature effect, whereas contribution of preheating to the increase
in the local displacement speed of the finger tip is of minor importance under conditions of the present
study.
Due to the discussed effects, the local displacement speed exceeds the normal flow velocity, e.g. at
instant B in Fig. 13a, and the finger tip starts propagating towards the leading edge of the mean flame
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brush, with the difference in Sd and un being large, cf. circles and triangles in Fig. 13 at t
′ = 0. Due to
the large difference in Sd and un, the finger-disappearance phase is relatively short, followed by a drop
in Sd when the finger vanishes. Comparison of Figs. 13a and 13b or Figs. 14a and 14b shows that Sd
or un behaves similarly in case H and L.
The discussed results imply that an increase in Sd at the strongly-curved tip of a thin finger occurs
so fast that even a high flow velocity is rapidly overwhelmed.
Moreover, because the local displacement speed is inversely proportional to the density, Sd increases
significantly from the leading edge of a flamelet to its reaction zone in case H. On the contrary, an
increase in the local normal velocity with c is much less pronounced near a strongly curved finger tip
when compared to the unperturbed laminar flame. Indeed, uu in point C in Fig. 3 is locally normal
to the finger tip and is less than the local velocity |u · n| = ρuun/ρ reported in Fig. 13 by a factor of
about 1.7, whereas the difference in the counterpart velocities obtained from the unperturbed planar
laminar flame is much larger in case H (σ = 7.53). In case L, such a difference between the values of
Sd + u · n, evaluated in unburned gas near a finger tip and in the reaction zone at the finger tip, is
substantially less due to a low density ratio (σ = 2.5). Accordingly, in spite of the fact that the speed of
an unburned-gas jet within an UMF is significantly higher in case H when compared to L, the discussed
difference between the c-dependencies of Sd and |u · n| in the vicinity of the finger tip contributes also
to the ability of the finger tip to propagate against the high-speed jet not only in case L, but also in
case H.
3.8. A comment on the net effect of the DL mechanism
The above analysis of DNS data indicates that, under weakly turbulent conditions, the DL mech-
anism not only straightforwardly increases burning rate by inflating UMFs and creating flame surface
area, but also indirectly reduces the burning rate by mitigating creation of flame surface area by turbu-
lent eddies. To the best of the present authors’ knowledge, such a reduction effect of the DL mechanism
on turbulent burning rate has not yet been discussed in the literature. To the contrary, models that
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deal with the DL instability of thin inherently laminar flamelets in a turbulent flow are explicitly or
implicitly based on an assumption that “external turbulence and the DL instability work together”
[83], although Akkerman and Bychkov [83] and Bychkov et al. [84] noted that response of a premixed
flame to “vortices perpendicular to the direction of flame propagation” could be more pronounced at
low density ratios.
It is worth stressing, however, that the discussed weakly turbulent DNS data should not be consid-
ered to show that the net effect of the DL mechanism on premixed turbulent flame speed is of minor
importance. First, even if the two manifestations of this mechanism, i.e. UMFs and the aforementioned
mitigation effect, almost completely counterbalance one another as far as the net flame surface area is
concerned, the two studied particular cases (H and L) are obviously not sufficient in order to expect
that the two manifestations of the DL mechanism counterbalance one another in a general case. Further
research into the issue is definitely required, e.g. by analyzing DNS data obtained in a wide range of
substantially different conditions.
Second, strictly speaking, even in the two considered particular cases, the obtained results do not
show that the net influence of the DL mechanism on Ut/SL is weak. To draw such a conclusion (or
reject it), DNS of the constant-density case should be run. The present results solely indicate that the
net influence of the DL mechanism on Ut/SL is almost the same at two significantly different density
ratios, i.e. U t/SL = 1.88 and 1.77 at σ = 7.53 and 2.5, respectively. However, Figs. 1, 2, and 4 clearly
show that the DL mechanism well manifests itself even at σ = 2.5, i.e. in this sense, the present results
are consistent with earlier DNS studies [21, 22, 23, 24, 25, 26, 27] that indicated an importance of the
DL mechanism at u′/SL = O(1).
As far as the weak influence of σ on the fully-developed turbulent burning velocity U t is concerned,
this issue was not addressed in Refs. [21, 22, 26]. Table 1 and Fig. 10 reported by Treurniet et al. [23]
imply such an influence, but their flames characterized by σ = 2, 4, and 6 experienced different u′ at
each σ. Moreover, in the cited study, flame propagation was modeled by solving a level set equation
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and invoking a constant (stretch-independent) SL. Under the latter simplification, the flame sheet is
unstable with respect to the entire spectrum of perturbations, with the highest growth rate of the DL
instability being obtained for perturbations with the shortest wavelength [12, 13]. On the contrary, a
laminar flame with a finite thickness is well known to be stable with respect to perturbations whose
wavelength is less than a neutral wavelength λcr [25, 26, 27], with λcr being as large as 70Du/SL [85].
Accordingly, the highest possible growth rate of the DL instability associated with the present DNS
appears to be much less than the counterpart growth rate associated with the simulations by Treurniet
et al. [23]. Therefore, the latter DNSs are likely to overestimate the influence of the DL instability on
U t.
Matalon et al. [24, 25, 26, 27] performed a 2D DNS study of weakly turbulent flames by solving
a level set equation, with dependence of the flame speed on the local stretch rate being taken into
account. These authors reported several figures that showed an influence of σ on U t. However, Fig. 9
in [24] and Figs. 3-5 in [25] are relevant to “subcritical” conditions, i.e. λcr is larger than the width
of the computational domain and, hence, the DL instability cannot develop. Under “supercritical”
conditions, the DL instability can develop and U t computed by Fogla et al. [27] is increased by σ, see
Figs. 10 and 11 in the cited paper. However, the effect is weak, i.e. difference in U t/SL obtained at
σ = 2 and 6 is about 10 %. This difference is comparable with the 5 % difference simulated in the
present work, i.e. U t/SL = 1.88 and 1.77 at σ = 7.53 and 2.5, respectively. Therefore, the present DNS
data are consistent with the DNS data by Matalon et al. [24, 25, 26, 27].
To conclude this comparison with earlier studies, we may also remind that neither approximations
of the most extensive experimental databases [1, 2, 3, 4, 5] nor a few target-directed experimental
studies [6, 7] indicate a substantial effect of σ on turbulent flame speed.
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4. Conclusion
The present DNS study evidences that acceleration of unburned gas flow due to combustion-induced
pressure gradient not only increases flame surface area by creating unburned mixture fingers and pushing
the finger tip into unburned gas, but also mitigates turbulent wrinkling of the flame surface (e.g. flattens
the side surface of the finger) by reducing residence time during that turbulent eddies can affect the
surface (in particular, the side surface of the finger).
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